Given a Kähler manifold M endowed with a Hamiltonian Killing vector field Z, we construct a conical Kähler manifoldM such that M is recovered as a Kähler quotient ofM . Similarly, given a hyper-Kähler manifold (M, g, J 1 , J 2 , J 3 ) endowed with a Killing vector field Z, Hamiltonian with respect to the Kähler form of J 1 and satisfying L Z J 2 = −2J 3 , we construct a hyper-Kähler coneM such that M is a certain hyper-Kähler quotient ofM . In this way, we recover a theorem by Haydys. Our work is motivated by the problem of relating the supergravity c-map to the rigid c-map. We show that any hyper-Kähler manifold in the image of the c-map admits a Killing vector field with the above properties. Therefore, it gives rise to a hyper-Kähler cone, which in turn defines a quaternionic Kähler manifold. Our results for the signature of the metric and the sign of the scalar curvature are consistent with what we know about the supergravity c-map.
Introduction
Let us recall that there is an interesting geometric construction called the c-map, which was found by theoretical physicists. There are in fact two versions of the c-map: the supergravity c-map and the rigid c-map. The supergravity c-map associates a quaternionic Kähler manifold of negative scalar curvature with any projective special Kähler manifold, see [FS, H2, CM] . The metric is explicit but rather complicated. The rigid c-map is much simpler, see [CFG, H1, ACD] . It associates a hyper-Kähler manifold with any affine special Kähler manifold. The initial motivation for this work was our idea to reduce the supergravity c-map to the rigid c-map by means of a conification of the hyper-Kähler manifold obtained from the rigid c-map. Let us explain this idea in more detail.
Since any projective special Kähler manifoldM is the base of a C * -bundle with the total space a conical affine special Kähler manifold M, we have the following diagram: such that the following diagramm commutes:
We are also interested in the analogous problem for the r-map, where we have a diagramm of the form:
Now M is an affine special real manifold with homogeneous cubic prepotential,M is the corresponding projective special real manifold, r is the rigid r-map [CMMS1, AC] ,r is the supergravity r-map [DV, CM] andN is the conical affine special Kähler manifold over the projective special Kähler manifoldN.
An important inspiration for our work has been the paper [Ha] by Haydys, see also [APP] in which Haydys construction is called QK/HK correspondence. The construction has two parts. The first part is the hyper-Kähler reduction of a hyper-Kähler cone with respect to a Hamiltonian Killing vector field which is compatible with the cone structure. The hyper-Kähler manifold (M, g, J 1 , J 2 , J 3 ) obtained by such a reduction inherits a Killing vector field Z which preserves one of the three complex structures J 1 of the hyper-Kähler triplet (J α ) and rotates the two other ones. The second part is the inversion of the reduction, which is much more involved than the first part. As a result of our careful analysis, we are able to give our own proof of the inversion recovering and extending the results by Haydys. Under the assumptions stated precisely in Section 2, the conical hyper-Kähler structure is rigorously established in Theorem 2. The final formulas are explicit enough to allow for further progress in the study of hyper-Kähler manifolds obtained by such a conification. As an example, we can easily compute the signature and scalar curvature of the resulting quaternionic Kähler manifolds, see Corollary 1 and Corollary 2. These results are new even in the case when the initial hyper-Kähler metric is positive definite, as considered in [Ha] . We show that (positive definite) quaternionic
Kähler manifolds of negative scalar curvature can be obtained from indefinite as well as from positive definite hyper-Kähler manifolds, whereas quaternionic Kähler manifolds of positive scalar curvature do always require a positive definite initial metric.
We prove that a similar, but simpler, conification result holds for any Kähler manifold endowed with a Hamiltonian Killing vector field, see Theorem 1. This construction is new and may provide the needed conification procedure for the r-map. We will study this problem in the future.
For the c-map we prove the existence of a canonical Killing vector field satisfying the assumptions of Theorem 2. In this way we can associate a family of (possibly indefinite) conical hyper-Kähler metrics and, hence, a family of quaternionic Kähler metrics to any projective special Kähler manifold. In view of the results of [APP] Section 2.4, this family should contain the Ferrara-Sabharwal metric as well as the (locally defined) one-parameter deformation discussed in [APSV] and in the papers cited there. The parameter should be related to the choice of Hamiltonian function f , which is unique up to a constant. This will be the topic of future investigation.
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Conification of Kähler manifolds
Definition 1 An almost pseudo-Kähler manifold (M, g, J) is a pseudo-Riemannian manifold (M, g) endowed with a skew-symmetric almost complex structure with closed fundamental form ω := g(J·, ·). It is called a pseudo-Kähler manifold if the almost complex structure is integrable. In that case ω is called the Kähler form.
Let (M, g, J, Z) be a pseudo-Kähler manifold endowed with a time-like or space-like Hamiltonian Killing vector field Z. Let −f be a corresponding Hamiltonian function, that is df = −ω(Z, ·), where ω is the Kähler form. We will assume that f and f 1 := f − 1 2 g(Z, Z) are nowhere vanishing.
Lemma 1 Let Z be a Killing vector field on a pseudo-Kähler manifold (M, g, J) and
where D is the Levi-Civita connection. In particular, dh = −ω(Z, ·) holds if and only if
The Lemma implies that
Let π : P → M be an S 1 -principal bundle endowed with a principal connection η with the curvature dη = π * (ω − 1 2 dβ), where β = g(Z, ·). Notice that locally we can always assume P = M × S 1 and η = ds + η M , where η M ∈ Ω 1 (M) and s is the angular coordinate on S 1 = {e is |s ∈ R}. We will denote the fundamental vector field of P by X P .
It coincides with the vertical coordinate vector field ∂ s in any local trivialisation of the principal bundle. We define a pseudo-Riemannian metric on P by
Next we considerM := P ×R with the coordinate t on the R-factor and the projection
, for all (p, t) ∈M . OnM we introduce the following tensor fields. 5) where α := df and covariant tensor fields on M and P are identified with their pullbacks to tensor fields onM .
is a pseudo-Riemannian manifold (M, g) endowed with a time-like or space-like vector field ξ such that Dξ = Id.
Theorem 1 Given (M, g, J, Z) as above, the tensor fieldĝ defines a pseudo-Riemannian metric such that (M,ĝ,Ĵ :=ĝ −1ω , ξ) is a conical pseudo-Kähler manifold. The induced CR-structure on the hypersurface P ⊂M coincides with the horizontal distribution T h P for the connection η and π : P → M is holomorphic, that is dπĴ = Jdπ on T h P . The projectionπ :M → M is not holomorphic, since ker dπ = span{X P , ξ} is notĴ-invariant.
The metricĝ has signature (2k + 2, 2ℓ) if f 1 > 0 and (2k, 2ℓ + 2) if f 1 < 0, where (2k, 2ℓ) is the signature of the metric g.
Proof:
It is clear that the restriction ofĝ to the horizontal distribution T h P = ker η ⊂ T P is nondegenerate. Let us denote by E the orthogonal complement of the 2-dimensional distribution span{ Z, JZ} ⊂ T h P , where X ∈ X(P ) stands for the horizontal lift of a vector field X ∈ X(M). Since g(Z, Z) = 0, we see that E⊕R Z ⊂ T h P is nondegenerate.
The orthogonal distribution inM is precisely
as follows from α(Z) = df (Z) = −ω(Z, Z) = 0. The matrix representing the bilinear form g| D with respect to the frame ( JZ, X P , ξ) is given by
which has the determinant 4e 6t g(Z, Z) = 0. This proves thatĝ is nondegenerate. The signature ofĝ can be easily read off from the above matrix.
Let us prove next that the skew-symmetric endomorphism fieldĴ =ĝ −1ω is also nondegenerate. Calculating the differential of θ we obtain
This formula immediately implies thatĴ preserves the distribution E andĴ X = JX for all X ∈ X(M) which are perpendicular to Z and JZ.
Claim 1:Ĵ preserves the distribution T h P and
It remains to check (1.7), or equivalently, thatω( X, ·) =ĝ( JX, ·), for X ∈ {Z, JZ}. Using the formulas (1.3) and (1.6), we havê
This proves Claim 1, since α(JZ) = −β(Z).
Claim 2:Ĵ
It suffices to check thatω
Using (1.6), we see that the left-hand side is simply −2e 2t dt. The right-hand side yields
This proves Claim 2.
Claim 3:
In view of Claim 2, is clear that
show thatĴX P is perpendicular to JZ. We compute
This proves Claim 3.
Claim 4: The distributions T h P, span{X P ,ĴX P } ⊂ TM are nondegenerate and orthogonal with respect toω.
In fact,ω
is nondegenerate and alsô
Theω-orthogonality of the distributions follows from Claim 3 and theĴ-invariance of T h P . This proves Claim 4.
Claim 5:Ĵ is an almost complex structure.
Recall that, by Claim 1,Ĵ| T h P corresponds to the complex structure J by means of the identification T h P ∼ = π * T M. Therefore, it suffices to check thatĴ squares to −Id on span{X P ,ĴX P }. Using Claim 1 and 2, we computê
So we need to check that 10) or, equivalently, thatĝ
The left-hand side is simply
η and the right-hand side
This proves Claim 5.
So far we have proven thatĴ is a skew-symmetric almost complex structure with closed fundamental form, in other words that (M ,ĝ,Ĵ) is an almost pseudo-Kähler manifold.
Notice that Claim 1 implies that the induced CR-structure on P coincides with the horizontal distribution and that π : P → M is holomorphic. Claim 2 shows thatπ :M → M is not holomorphic.
Next we prove that Dξ = Id. By the Koszul formula, we have
for all vector fields X 1 , X 2 onM. If X 1 , X 2 are horizontal lifts of commuting vector fields on M, the right-hand side yields
Similarly, if X 1 , X 2 ∈ {X P , ξ}, the right-hand side is also
Next we consider the case where X 1 is a horizontal lift and X 2 = ξ. The Koszul formula
and, similarly, for X 2 = X P :
Next, let X 2 be a horizontal lift and
Finally, for X 1 = X P we get
Next we prove thatĴ is integrable. In order to apply the Newlander-Nirenberg theorem, let us first recall that the decomposition (1.8) isĴ-invariant, in virtue of Claim 4.
Therefore, Claim 1 implies that
for all p ∈M. By the integrability of the complex structure on M, we know that for all
Here we have used, the well known fact that the vertical part of the commutator of two horizontal vector fields on a principal bundle with connection is given by minus the curvature. We claim that not only ω but also dβ is of type (1, 1), which finally implies
is the Lie derivative of a form of type (1, 1) with respect to a holomorphic (thus typepreserving) vector field. Finally, with the help of Claim 2, for X ∈ X(M), we compute
Notice that the last term is the horizontal lift of a vector field of type (1, 0). In fact, it suffices to observe that the Lie derivative with respect to the holomorphic vector field JZ preserves the type. The remaining part is of type (1, 0) if and only if
Comparing with (1.1) we see that that (1.11) is equivalent to
which is always satisfied.
) is called the space-like or time-like cone over (M, g), respectively.
The vector field ξ = r∂ r defines on C ± (M) the structure of a conical pseudo-Riemannian manifold and any conical pseudo-Riemannian manifold is locally isomorphic to a space-like or time-like cone.
Definition 4 A pseudo-Sasakian structure on a pseudo-Riemannian manifold (M, g) is a unit Killing vector field Z such that J := DZ| Z ⊥ defines an integrable CR-structure
.
It is well known that (M, g) admits a space-like or time-like pseudo-Sasakian structure Z if and only if the space-like or time-like cone over (M, g) admits a Kähler structureĴ compatible with the cone metric.
Example 1 In Theorem 1 we have assumed that Z is nowhere light-like. However, one can verify that the construction remains meaningful if we put Z = 0. Taking Z = 0 and f = const = c = 0 in the construction of Theorem 1, yields a conical pseudo-Kähler manifold (M ,ĝ,Ĵ =ĝ −1ω , ξ). It is precisely the space-like (c > 0) or time-like (c < 0)
cone over (P, 1 2|c| g P ), where r = 2|c|e
t . The unit Killing vector field ζ := |c|X P defines a pseudo-Sasakian structure on (P, 1 2|c| g P ). Notice that (P, 1 2|c| g P ) is a pseudo-Riemannian submersion over the pseudo-Kähler manifold (M, 1 2|c| g). In particular, we can take f = ± 1 2 and r = e t , which yields (M,ĝ) as the space-like or time-like cone over the pseudoSasaki manifold (P, g P , ζ = 1 2 X P ) and the latter fibers as a pseudo-Riemannian submersion over (M, g). Alternatively, we may take c = ±1, for which X P is the Sasaki structure.
In that case (M,ĝ) is the space-like or time-like cone over the pseudo-Sasaki manifold (P,
g, X P ) and the latter fibers as a pseudo-Riemannian submersion over
).
Conification of hyper-Kähler manifolds
Let (M, g, J 1 , J 2 , J 3 ) be a pseudo-hyper-Kähler manifold with the three Kähler forms ω α := gJ α := g(J α ·, ·), α = 1, 2, 3. We will assume that Z is a time-like or space-like Killing vector field and that f is a nowhere vanishing function such that df = −ω 1 Z := −ω 1 (Z, ·).
Following the notation of the previous section, we put f 1 := f − h, where h := g(Z,Z) 2 . We will also assume that f 1 is nowhere zero. Applying Theorem 1 to the pseudo-Kähler manifold (M, g, J 1 ) endowed with the ω 1 -Hamiltonian Killing vector field Z, we obtain the principal bundle π : P → M with the connection η and the pseudo-Riemannian metric g P such thatM 1 := P ×R is endowed with the structure of a conical pseudo-Kähler manifold.
Our aim is to construct a conical pseudo-hyper-Kähler manifold (M ,ĝ,Ĵ 1 ,Ĵ 2 ,Ĵ 3 , ξ) such thatM 1 ⊂M with the conical pseudo-Kähler structure induced by (ĝ,Ĵ 1 , ξ). As a first step, we define the vector field Z 1 :=Z + f 1 X P and the one-forms
on P . We consider θ α := f −1 θ P α as the components of a one-form θ := α θ α i α with values in the imaginary quaternions, where (i 1 , i 2 , i 3 ) = (i, j, k). Then we extend θ to a one-formθ onM := H * × P ⊃ {1} × P ∼ = P bỹ
where ϕ = ϕ 0 + α ϕ α i α is the right-invariant Maurer-Cartan form of H * and Ad q x =
where (e 0 , . . . , e 3 ), is the right-invariant frame of H * which coincides with the standard basis of H = Lie(H * ) at q = 1. Next we definẽ The vector field ρ∂ ρ onM projects to a vector field ξ onM such that (M,ĝ,Ĵ 1 ,Ĵ 2 ,Ĵ 3 , ξ)
is a conical pseudo-hyper-Kähler manifold. The signature of the metricĝ is (4k, 4ℓ + 4) if f 1 < 0 and (4k + 4, 4ℓ) if f 1 > 0, where (4k, 4ℓ) is the signature of the metric g.
Proof:
We first show that the one-formsθ α onM induce one-formsθ α on the quotient M .
Lemma 2 There exist one-formsθ α onM such thatθ α =π * θ α .
Proof: Let us first observe that the above definitions imply that θ(Z 1 ) = i 1 = i. To compute ϕ(e L 1 ), we use the equivariance of the right-invariant Maurer-Cartan form with respect to left-multiplication:
Combining these facts, we get
This shows that the one-formsθ α onM are horizontal with respect to the projectioñ π :M →M . To prove the lemma, it now suffices to check that L V 1θ = 0. First of all, the right-invariance of ϕ implies the invariance under any left-invariant vector field. So
ϕ = 0 and we are left with
The first term is easily computed as follows:
for all x ∈ H. This shows that
For the computation of L Z 1 θ we first remark that
Using that Z is Killing, we get
Here we used that
The hypothesis L Z J 2 = −2J 3 on the ω 1 -Hamiltonian Killing vector field Z immediately implies
and, similarly, LZθ
(2.5)
The equations (2.3), (2.4) and (2.5) show that
Since L V 1 ρ = L V 1 f = 0, the functions f and ρ are well defined on the quotientM. Therefore, the lemma shows thatω
are two-forms onM , which satisfy (2.2). To prove that the triplet (ω α ) defines a pseudohyper-Kähler structure we will prove that theω α are nondegenerate such that we can consider the nondegenerate endomorphismsĴ α defined bŷ ω αĴβ =ω γ (2.6) for any cyclic permutation (α, β, γ) of (1, 2, 3). In the following (α, β, γ) will be always a cyclic permutation. We have to show that (Ĵ α ) is an almost hyper-complex structure. The integrability then follows from the closure of theω α , in virtue of the Hitchin lemma. The pseudo-hyper-Kähler metric is then given byĝ = −ω αĴα . Notice that this expression is independent of α, due to the relationsĴ αĴβ =Ĵ γ . The skew-symmetry ofĴ β with respect toĝ follows from the symmetry ofĴ β with respect toω α (a consequence of (2.6)) and the relationĴ αĴβ = −Ĵ βĴα . The symmetry ofĝ is then obtained fromĴ
The nondegeneracy ofĝ is a consequence of that ofω α andĴ α .
Lemma 3 The two-formsω α onM are given by:
where
Proof: We first calculate the differential ofθ P = fθ = f ϕ + Ad q θ P , where θ P = f θ. Using the Maurer Cartan equation
Using the fact that ϕ = dqq −1 , we see that
The components are given by
Using ϕ 0 = ρ −1 dρ and the above equations, we get
Finally, we claim that
which implies the lemma. In fact,
Next we will show that the two-formsω α computed in Lemma 3 are nondegenerate on any distribution complementary to RV 1 ⊂ TM . Let us denote by D 1 , D 2 ⊂ TM the distributions which correspond to the factors of the productM = H * × P . The second distribution can be decomposed as
with respect to the metric g P on the leaves {q}×P
We will study the restriction ofω α to the distribution D 1 ⊕ D h 2 , which is complementary to RV 1 . From (2.7) we first see that the distributions E and D := D 1 ⊕ E ′ are orthogonal with respect toω α . Furthermore,
where (A αβ ) ∈ SO(3) is the matrix A = A(q) representing Ad q | Im H in the basis (i 1 , i 2 , i 3 ).
This shows thatω α | E is nondegenerate and that
Notice that (J ′ α ) coincides with the hyper-complex structure (J α ) of M up to a rotation, which depends on q. It remains to analyseω α on the eight-dimensional distribution
From (2.1) one can check that
df . This implies that
and, hence,ω
Now we can write the matrix M(ω α ) which representsω α | D in the basis (e 0 , e α , e β , e γ ,
The invertibility of this matrix follows from the assumption f 1 = f −h = 0. This proves that the two-formsω α are nondegenerate on any complement of RV 1 , which implies the nondegeneracy of the induced formsω α onM . Now we compute the three endomorphisms
Under the projectionM →M , they correspond to the three endomorphism fieldsĴ α on M such thatω
Using the expression (2.8) one can check that the matrix representingJ α | D in the basis (e 0 , e α , e β , e γ ,W 0 ,W
This proves that theJ α satisfy the standard quaternionic relations and thatJ
Therefore, we have proven that the three symplectic formsω α onM define a hyper-Kähler structure (M ,ĝ,Ĵ α , α = 1, 2, 3).
Next we calculate the explicit expression for the pseudo-hyper-Kähler metricĝ. It amounts to calculating the metricg := −ω αJα , which is defined on the codimension one distribution D ⊕ E ⊂ TM.
Proof: It suffices to calculate the matrix M(g) which representsg = −ω αJα in the basis (e 0 , e α , e β , e γ ,W 0 ,W
In view of (2.8) and (2.9), it is given by
10) where only the nonzero entries are written. This proves the above formula forg D , since
Let us now extendg from a metric defined on the distribution
is a pseudo-Riemannian submersion and we can calculate the covariant derivative of ξ =π * e 0 by calculatingg(D X e 0 , Y ) for all X, Y ∈ D ⊕ E. In order to show that Dξ = Id, we have to check thatg(D X e 0 , Y ) =g(X, Y ). Using the Koszul formula and the commutator relations of the vector fields e a , we obtain 2g(D ea e 0 , e b ) = 2f (δ 0b e a + δ ab e 0 − δ 0a e b )ρ 2 = 2f δ ab e 0 ρ 2 = 4f ρ 2 δ ab = 2g(e a , e b ), for all a, b ∈ {0, . . . , 3}. Let us next observe that
2 ) be horizontal lifts of vector fields in M. Then using (2.11), [e 0 , X] = [e 0 , Y ] = 0 and dθ
To computeg(D ea e 0 , X), we observe that [e 0 , e a ] = [e 0 , X] = [e a , X] = 0, such that 2g(D ea e 0 , X) = e ag (e 0 , X) + e 0g (e a , X) − Xg(e 0 , e a ) = 2g(e a , X) + 2δ 0a (g(e 0 , X) − ρ 2 Xf ) = 2g(e a , X) + 2δ 0a (−2ρ
Here we have used(2.11) and θ
Similarly, we get 2g(D X e 0 , e a ) = Xg(e 0 , e a ) + e 0g (X, e a ) − e ag (e 0 , X) = 2g(X, e a ).
To finishes the proof of Theorem 2 it remains to compute the signature ofĝ. One can easily check that the matrix (2.10) has signature (4, 4) if f 1 h < 0, signature ( It yields a quaternionic Kähler manifold (M ,ḡ, Q) of negative scalar curvature if and only if g is either positive definite and f < 0 or if it has signature (4k, 4), f < 0 and f 1 > 0.
Remark: Notice that Theorem 2 provides us with a quaternionic pseudo-Kähler manifold for any choice of Hamiltonian f for Z with respect to ω 1 and any choice of S 1 -principal bundle (P, η) with connection η such that the curvature is
. Locally any two S 1 -principal bundles with the same curvature are equivalent such that, for the local geometry, the only essential choice is the Hamiltonian f , which is unique up to a constant c. It follows from [HKLR] p. 553-554 that, up to a constant factor, f is a Kähler potential with respect to J 2 . The Hamiltonian will be explicitly computed in the examples of the next section.
3 Application to the c-map The above definition is slightly more general than the definition of a conical special Kähler manifold in [CM] , for instance, since here we prefer not to restrict the signature of the metric. The rigid c-map associates with M the pseudo-hyper-Kähler manifold (N = T * M, g N , J 1 , J 2 , J 3 ), with the geometric data defined as follows, cf. [ACD] . Using the
ker dπ is the vertical distribution and
T h N is the horizontal distribution defined by ∇. Using these identifications, we have 
g ij )dp i dp j = Z(g ij )dp i dp j .
Since Z(g ij ) = − g ik Z(g kl )g lj , it suffices to show that Z(g kl ) = 0. Let us first recall 1 that ∇g is totally symmetric, which follows from Definition 5 (i-ii) using the skewsymmetry of J. Using this property and Definition 5 (i-ii), we obtain
We claim that ξ(g ki ) = 0. Let us first observe that Dξ = Id implies L ξ g = 2g. This shows that ξ(g ij ) = 0, since L ξ q i = q i . Summarizing, we have proven that Z N is a Killing vector field.
Next we prove that Z N is Hamiltonian with respect to ω 1 = g N J 1 . We consider the function h = The last result is consistent with our conjecture that the canonical choice of Hamiltonian yields the Ferrara-Sabharwal metric (up to a factor). The deformation by the constant c should correspond to the one-loop correction of the metric considered in [APSV] . The determination of the precise relation between the constant c and the one-loop parameter is left for the future.
